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A Stage-Normalized Function for the Synthesis of
Stage-Discharge Relations for the Colorado River

in Grand Canyon, Arizona

By Stephen M. Wiele and Margaret Torizzo

Abstract

A method was developed to construct stage-discharge rating curves for the Colorado River in
Grand Canyon, Arizona, using two stage-discharge pairs and a stage-normalized rating curve.
Stage-discharge rating curves formulated with the stage-normalized curve method are compared to
(1) stage-discharge rating curves for six temporary stage gages and two streamflow-gaging stations
developed by combining stage records with modeled unsteady flow; (2) stage-discharge rating curves
developed from stage records and discharge measurements at three streamflow-gaging stations; and
(3) stages surveyed at known discharges at the Northern Arizona Sand Bar Studies sites. The stage-
normalized curve method shows good agreement with field data when the discharges used in the
construction of the rating curves are at least 200 cubic meters per second apart. Predictions of stage
using the stage-normalized curve method are also compared to predictions of stage from a steady-

flow model.

INTRODUCTION

Since the closure of Glen Canyon Dam in 1963,
flow in the Colorado River through Grand Canyon has
been dominated by the discharge released through the
dam. Because the flow through the dam is used to
generate power, the dam releases have typically
followed a diurnal variation, which in the past has
varied by as much as an order of magnitude in less than
a day. Large variations in discharge over short periods
of time can also be produced by the release of flows in
excess of the dam’s powerplant capacity that may be
used to restore sand deposits and habitat, a strategy
endorsed by an Environmental Impact Statement (EIS;
U.S. Department of the Interior, 1995). This method of
restoring the river corridor environment using high
flows was tested in 1996 with a release of 1,273 m3/s
for 7 days.

The daily variations in discharge and the prospect
of sudden large increases in discharge for environ-
mental reasons have generated keen interest in a
capability to predict river stage at particular locations.
Stage ranges and inundation levels are important for
their potential effect on native and non-native fish,
erosion and restoration of sandbars, and the exposure
of archeological artifacts by erosion and the efforts to
preserve them. In addition, stage ranges are of interest
to visitors to Grand Canyon National Park who camp
near river level. The method for constructing local
stage-discharge relations presented in this report was
part of a study conducted in cooperation with the
Grand Canyon Monitoring and Research Center
(GCMRC) Socio-Cultural Resources Program.

Current methods for predicting stage as a function
of discharge consist of stage-discharge rating curves
formulated by the Northern Arizona University (NAU)
Sand Bar Studies (Joseph Hazel, Northern Arizona
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University, written commun., 1999) and an
implementation of the Stream Tube model for Alluvial
River Simulation (STARS) by Randle and Pemberton
(1987). The NAU rating curves are derived from
numerous surveys of water-surface elevation at known
discharges and are available for the 14 NAU beach
survey sites in the length of river considered in this
study. The STARS model is a steady-flow one-
dimensional model that predicts stage at any location.
Surveys of channel shape used in the model consist of
199 cross sections measured by Wilson (1986). The
remaining cross sections used in the model, including
the critical cross sections that define hydraulic controls,
were estimated from the river width and the channel
shape above the water surface visible in aerial photos.
The estimation of channel shape was required by the
sparseness of the available bathymetric data and is a
potential source of error in the prediction of stage.

An unsteady, reach-averaged one-dimensional
model (Wiele and Griffin, 1997) has been shown to
predict accurately the downstream translation and evo-
lution of discharge waves released from Glen Canyon
Dam. This model, however, predicts stage in a reach-
averaged sense only. It was not designed to predict
local stage accurately.

The method of formulating stage-discharge rela-
tions presented in this report requires only the differ-
ence in stage at two known discharges. This informa-
tion could be obtained by workers at a particular site
observing high and low stages and determining
discharges from rating curves for nearby streamflow-
gaging stations, if present, or by routing flow with the
one-dimensional model of unsteady flow (Wiele and
Griffin, 1997; Korman and others, 2000). Temporary
stage gages, such as those installed by Gauger (1997),
would provide the necessary information if the flows
were fluctuating over a sufficient range. The stage-
normalized curve used in the formulation of the stage-
discharge relations was derived from data in the study
area, and its application should be confined to the study
area. The method also depends on the observation that
stage-discharge relations in the study area tend to have
a similar shape, an observation that may not hold true
elsewhere. The method in this report would work well
with proposed efforts by the GCMRC (Mike Liszewski
and Steve Mietz, GCMRC, Information Technology
Resources, oral commun., 2002) to obtain river stages

downstream from Glen Canyon Dam using aerial
photos that would be taken during steady flows of
225 m¥/s and 1,273 m¥/s.

Purpose and Scope

This report presents an empirically based method
of formulating stage-discharge relations at discrete
locations with minimum data. The method uses the
difference in stage at two known discharges and a
general curve that relates a nondimensional stage to
discharge to formulate stage-discharge rating curves.
Stage-discharge rating curves formulated with the
stage-normalized curve (SNC) method are compared to
stage-discharge rating curves for six temporary stage
gages and two streamflow-gaging stations developed
by combining stage records with modeled unsteady
flow, stage-discharge rating curves developed from
stage records and discharge measurements at three
streamflow-gaging stations, and the NAU rating curves.
Stage predictions using the SNC method are also
compared to predictions of the STARS model at the
NAU study sites.

Study Area

Locations on the Colorado River through Grand
Canyon are traditionally defined by the river mile
downstream from Lees Ferry (river mile 0). Although
we use metric units for describing our methods and
results, we adhere to the use of river miles to specify
study site locations. The river miles used in this report
were taken from a popular river guide in widespread
use (Stevens, 1990).

The material in this report was part of a larger
study concerned with the effects of the operation of
Glen Canyon Dam on cultural resources in Grand
Canyon. Most of the study was concerned with a
section of the river that contains abundant artifacts that
have become exposed and damaged by erosion located
about 105 to 116 km below Lees Ferry. The study area
(fig. 1) was expanded to include 3 streamflow-gaging
stations, 6 temporary gaging stations, and 10 NAU
survey sites between river mile -6 (6 miles upstream
from Lees Ferry) and Grand Canyon (river mile 87).

2 A Stage-Normalized Function for the Synthesis of Stage-Discharge Relations for the Colorado River in Grand Canyon, Arizona
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Figure 1. Study area and location of temporary stage-gaging stations and continuous-record streamflow-gaging stations,

Colorado River, Lees Ferry to Phantom Ranch.
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DEVELOPMENT OF A STAGE-NORMALIZED
FUNCTION FOR THE SYNTHESIS OF STAGE-
DISCHARGE RELATIONS

Use of Stage-Gage and Streamflow-Gaging Data

Stage data were available from temporary stage
gages that were installed at approximately 8-km
intervals in the 388-km reach between Glen Canyon
Dam and Diamond Creek (Gauger, 1997). The gages
were operated between 1990 and 1994, and a subset
was reactivated during an experimental release of
1,273 m3/s in 1996. The six temporary gaging stations
in the study area that were operational during the 1996
experimental release were used in this study. Stage was
initially recorded at 15-minute intervals. In 1991-92,
a new type of temporary stage gage was installed that
recorded at 5-minute intervals. Discharges were not
measured at the temporary stage-gage sites, so stage-
discharge relations could not be formulated using
traditional USGS methods (Rantz and others,
1982a, b). In addition to the temporary stage gages,
permanent streamflow-gaging stations were located at
Lees Ferry (river mile 0; station number 09380000),
above the confluence with the Little Colorado River
(river mile 62; 09381000), and at Grand Canyon (river
mile 87; 09402500).

Similarity of Stage-Discharge Relations at
Temporary Stage Gages

Examination of stage records from the temporary
stage gages revealed significant variability in the
difference in stages for the same difference in discharge
(Griffin and Wiele, 1997). Even in reaches regarded as

having similar morphology on the basis of bedrock
type near river level (Schmidt and Graf, 1990), the
same change in discharge at two gage sites typically
produced significant differences in the change in stage
at those sites. Griffin and Wiele (1997), however, found
that if the stages were normalized by dividing by the
difference in stage at the two discharges, the stage-
discharge relations followed a similar curve.

The shape of the stage-normalized curve is a
function of channel shape and total roughness. In many
rivers, stage-discharge relations can be estimated over a
range of discharges by using the channel shape and
reasonable approximations of channel roughness,
such as those represented by the roughness length zg
(Keulegan, 1938) or Manning’s n. Wiele and Smith
(1996) demonstrated that the reach-averaged stage-
discharge relations in the Colorado River in Grand
Canyon vary significantly from those predicted by
constant roughness parameters. The channel friction
decreases as the discharge increases at a much faster
rate than predicted by constant roughness parameters.

The empirically derived, stage-normalized stage-
discharge relation provides a general curve that can be
applied to specific sites by redimensionalizing the stage
with appropriate data. The only information required
to restore dimension to the normalized stage is the
difference in stage at two known discharges.

Formulation of Stage-Discharge Relations Using
Stage-Normalized Curves

The hydraulic geometry for the Colorado River in
Grand Canyon developed by Wiele and Griffin (1997)
was used to represent a general stage-normalized stage-
discharge rating curve. This hydraulic geometry was
derived from streamflow-gaging station records at Lees
Ferry and Diamond Creek, 362 km downstream from
Lees Ferry, during the declining limb of the 1996
experimental release. During the declining limb, the
discharge was reduced from about 1,273 m3/s to
226 m3/s over 45 hours. Wiele and Griffin (1997)
argued that because the discharge declined slowly at a
nearly steady rate, the wave speed between the two
streamflow-gaging stations was accurately represented
by the kinematic wave speed, dQ/dA, where Q is
discharge and 4 is cross-sectional area. They fit a
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function to the wave speed between the two
streamflow-gaging stations as a function of discharge
and integrated it to derive a relation between Q and 4,
using results from a dye study (Graf, 1995) to supply
the constant of integration. Comparisons of predictions
by the original one-dimensional unsteady flow model
(Wiele and Smith, 1996) updated with the new
hydraulic geometry (Wiele and Griffin, 1997) to
streamflow-gaging station data demonstrated the
accuracy of the hydraulic geometry derived from
streamflow-gaging stations. The reach-averaged
relation between Q and stage was completed with a
relation between stage and 4 determined from average
channel shape. Normalizing the reach-averaged
relation between stage and discharge by dividing by the
difference in stage at 1,273 and 226 m3/s discharges
produces this general stage-normalized stage-discharge
relation:

%= —0.2686 + 1.377x10°0 — (1)
3.5917x107 0% + 4.9906x10™" 03

where z is stage in meters, the superscript * denotes
non dimensional stage, and Q is discharge in cubic
meters per second. To formulate a stage-discharge
relation at a particular site, the nondimensional stage is
scaled by the difference in stage at two known
discharges with:

z . —Z
high l
20) = 2100+ (Z5(0) = ZE10 )(*q’g—i”), 2
Zghigh ~Zglow

where the subscript ghigh denotes stage at the higher
discharge of the discharge pair, and g/low denotes stage
at the lower discharge of the discharge pair.

COMPARISONS OF STAGE-NORMALIZED CURVE
METHOD RESULTS WITH DATA AND STARS
MODEL RESULTS

Stage-discharge relations predicted with the SNC
method were compared to stage-discharge relations
derived from field measurements to assess the accuracy
of the SNC method. Stage-discharge relations
predicted with the SNC method were also compared to

stage-discharge relations predicted with the STARS
model to assess the relative accuracies of the two
methods.

Comparison with Stage-Gage and Streamflow-
Gaging Station Data

In addition to the SNC method, the discussion in
this section refers to stage-discharge relations that were
developed using two other methods. These additional
two stage-discharge relations are used to evaluate the
accuracy of results obtained with the SNC method.

1. Stage-discharge relations were constructed at
six temporary stage gages by routing the
discharge from Lees Ferry with the one-
dimensional unsteady flow model (Wiele and
Griffin, 1997) to determine the discharge that
corresponds to the measured stage. Stage-
discharge relations were constructed by routing
the receding limb of the 1996 experimental
release from Lees Ferry and combining the
stage record from the gage with the discharge
predicted by the model at that site. This yields
a rating curve ranging from about 240 m3/s
to about 1,250 m3/s.

2. Stage-discharge relations have been developed
by the USGS from discharge and stage
measured at three USGS streamflow-gaging
stations.

Method 1 makes use of the best data available but
is not a completely independent test of the SNC
method. The model used to route the wave downstream
in the construction of the local stage-discharge
relations uses the same stage-discharge relation
(method 1) that is nondimensionalized for use in the
local rating curve reconstruction with the SNC method.
The three stage gages with rating curves developed
from discharge measurements provide a more
independent test of the SNC method.

The rating curves determined from the one-
dimensional routing model and the stage records
are compared to the stage-discharge relations
calculated with the stage-normalized curve in figure 2.

Comparisons of Stage-Normalized Curve Method Results with Data and Stars Model Results 5
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Figure 2. Stage-discharge relations calculated from the stage-normalized curve, the one-dimensional flow model and stage
records, and the reach-averaged relation from which the stage-normalized curve is derived.
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The stage-discharge relation from the hydraulic
geometry used in the one-dimensional model from
which the stage-normalized curve is derived is also
shown for reference. In these figures, the stage-
discharge pairs were chosen from the highest and
lowest discharges shown. The accuracy of the SNC
method depends on the difference between the stage-
discharge pairs used to restore dimension to the stage-
normalized curve, and the accuracy generally increases
as the difference increases. Figure 3 shows the
differences between the rating curves determined with
the SNC method and method 1 as a function of the
difference between the discharge in the stage-discharge
pairs used to restore the stage dimension in the SNC
method. The root-mean-square error of the SNC
method was calculated relative to method 1 using about
400 points for each value represented in the plots.

The lowest value in the stage-discharge pairs is the
same for each gage, about 240 m3/s. For small differ-
ences in discharge pairs (less than about 200 m3/s) the
root-mean-square errors are large, but in most cases the
error is reasonably small for differences greater than
about 200 m3/s. Seven of eight gages (the Lees Ferry
gage is not included here because it was used as input
to the one-dimensional model) show good agreement.
The gage that shows poorer agreement is the temporary
gage at river mile 30, which has an unusual relation
between discharge and stage. At river mile 30, the
apparent rating curve from the model and gage records
is nearly a straight line.

At the three streamflow-gaging stations, rating
curves have been developed by the USGS Flagstaff
office on the basis of discharge measurements
(method 2). Comparisons of these rating curves with
those developed with the SNC method are similar to
the comparisons of method 1 and the SNC method:
excellent agreement at Lees Ferry (despite a relatively
low range in stage over the same range of discharge as
at the other gages), poorer agreement at the LCR gage,
and intermediate agreement at the Grand Canyon gage
(figs. 4 and 5). The rating curve at the above LCR gage,
along with the temporary stage gage at river mile 30,
has a shape that is dissimilar to that of curves at the
other gages examined in this study. In this case, the
rating curve has a sigmoidal shape. This shape may be
a result of the local hydraulics, but could also result
from the relative sparsity of discharge measurements
above the powerplant capacity of about 900 m3/s
(fig. 6).

Comparison with STARS Model Results and NAU
Stage Measurements

The release of a Graphical User Interface (Korman
and others, 2000) provides ready access to the one-
dimensional unsteady flow model (Wiele and Smith,
1996; Wiele and Griffin, 1997) and stage predictions
from the STARS model (Randle and Pemberton, 1987).
Results from both methods were compared to the rating
curves by the Northern Arizona University Sand Bar
Studies (Joseph Hazel, Northern Arizona Uuniversity,
written commun., 2000) on the basis of NAU’s stage
measurements at discharges estimated from
streamflow-gaging stations. For the comparisons,
STARS predictions of stage at the NAU study sites
were plotted along with the NAU measured stages
(fig. 7). In addition, a family of rating curves
constructed with the SNC method were plotted in
which each solid line represents a rating curve
corresponding to different ranges in the stage-discharge
pairs used in the construction of the rating curve.

For consistency and ease of representation in the plot,
the lower stage used in the SNC method is the lowest
stage measured by NAU. Higher stages measured by
NAU and the corresponding discharges were used to
complete the stage-discharge pair necessary for the
construction of the rating curve. Some stages measured
by NAU were omitted for clarity, especially if there
was more than one value within a narrow stage range.
The root-mean-square errors for each rating curve
shown in figure 7 and for the STARS model are shown
in figure 8.

Stage-discharge relations derived from application
of the STARS model show good agreement with the
NAU data set at 10 of the 14 sites. Relations construc-
ted with the SNC method consistently show agreement
with the NAU data in all cases that is as good as or
better than the agreement of the STARS predictions
with the NAU data if the difference in discharge used in
the SNC method exceeds about 200 m3/s. With
differences in discharge of only about 100 m3/s, the
results are generally reasonable but can be inconsistent.
With very small differences (less than about 50 m3/ S) in
discharge, stage-discharge relations constructed with
the SNC method tend to show poor agreement with the
NAU measurements.

8 A Stage-Normalized Function for the Synthesis of Stage-Discharge Relations for the Colorado River in Grand Canyon, Arizona
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Figure 3. Root-mean-square error and maximum absolute error of stage predicted from discharges between 240 and

1,270 cubic meters per second as a function of the difference in discharge of the stage-discharge pairs used to restore dimension
to the stage-normalized curve. In these graphs, the rating curve determined from the one-dimensional flow model and stage
records is used as a reference in the error calculations.
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CONCLUSION

The accuracy of the SNC method depends on the
degree to which the local stage-discharge relations are
similar to the reach-averaged values. In most of the test
cases, the reach-averaged values represented well the
local stage-discharge relations if the difference
between the stage-discharge pairs is sufficiently large.
The accuracy of the SNC method also depends on the
accuracy of the input data. In figure 8, for example, the
errors in the predicted rating curves do not always
decline smoothly as the difference between the stage-
discharge pairs increases. This is likely a result of small
discharge errors in the NAU stage-discharge values that
are used as input into the SNC method.

The test results show that in most cases, the
STARS model will produce usefully accurate
predictions. The STARS model is convenient to use
because it is entirely predictive in that no additional
information is required to produce a stage prediction at
a given location. The SNC method is entirely empirical
and requires a pair of measured stages at known
discharges; accuracy increases with increasing
difference between the stages. With sufficient
difference between the discharges used to formulate a
rating curve with the SNC method, it appears to offer
an improvement in accuracy over the STARS model.
Data required for the SNC method are easily obtained
in the field. The construction of maps showing the
elevation of river stages at 226 and 1,273 m3/s, as
proposed by the Information Technology Section of
the GCMRC (Mike Liszewski and Steve Mietz,

Grand Canyon Monitoring and Reasearch Center,
Information Technology Resources, oral commun.,
2002) would provide the input data required for
the application of the SNC method.
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